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Abstract

A hybrid numerical scheme that simultaneously retrieves single-crystal elastic constants, Cij, and wave-normal directions is applied
to determine the elasticity of natural samples of both magnesite and dolomite, as measured by Brillouin spectroscopy at ambient
conditions. The scheme incorporates the genetic algorithm (GA) as a global searching tool and a final local linearization to overcome
the intrinsic difficulty of fitting non-linear Christoffel’s equation. To compensate for the stochastic nature of GA, especially when the
misfit function of the problem manifests highly rugged topography in the model space, the procedure was repeated for multi-runs.
This is to assure that the best solution is captured by examining the statistics among the runs that yield the fittest solutions. The
resultant elastic constants C11, C12, C13, C14, C33 and C44 are, respectively, 260.3(2.6), 82.9(4.5), 59.6(3.1), (−)20.1(1.3), 153.7(4.1)
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nd 59.7(1.4) GPa for magnesite. For dolomite, C11, C12, C13, C14, C15, C33 and C44 are, respectively, 204.1(2.2), 68.5(3.4), 45.8(4.4),
0.6(1.3), 6.7(1.5), 97.4(5.3) and 39.1(1.5) GPa. Unfortunately, the results for dolomite are statistically non-unique in the numerical
alculation. The above data were adopted because the cleavage plane of dolomite was used in the experiment. The results for both
agnesite and dolomite are compatible with those determined earlier by ultrasonic methods. It is anticipated that the new method

eveloped in the present study should be applicable to less symmetric crystals, since there are no particular assumptions on the
rystal symmetry embedded within the scheme.
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. Introduction

Brillouin spectroscopy determines velocities of
coustic waves traveling along certain directions in a
ingle crystal through measurements of the frequency
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shifts of light scattered from the wave phonons (e.g.,
Sinogeikin and Bass, 2000). Because it requires only
small samples and employs visible light, the technique
is easily implemented with a diamond–anvil cell to
determine the elasticity of minerals at high pressures
and/or high temperatures (Duffy et al., 1995; Zha et al.,
1998).

In order to compute elastic constants of a crystal
from measured acoustic velocities, one has to employ
Christoffel’s equation (see below) that was derived
from a plane-wave solution of the wave equation for
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anisotropic media and that relates the elastic constants
and wave vector to the acoustic velocities and density
(Auld, 1973; Anderson, 1989). However, the coupling
of elastic constants and direction cosines of wave vec-
tors in Christoffel’s equation makes inverting elastic
constants from acoustic velocities essentially a complex
non-linear problem, which has, to some extent, limited
the application of the technique to the study of elasticity
of crystals. If direction cosines are not previously deter-
mined from X-ray analysis, the non-linear inversion is
conventionally solved by a two-stage optimization pro-
cedure, which iteratively inverts direction cosines and
elastic constants back and forth (Every, 1980; Every
and Sachse, 1990). The approach is in essence a local
linearization scheme that might suffer from entrapment
within a local minimum and/or slow convergence. We,
therefore, explore the established efficient global search-
ing tool, the genetic algorithm (GA) (Holland, 1975), for
inverting Brillouin spectroscopy measurements in this
study.

Carbonates possessing the calcite-type structure
(space group R3c) are an important group of miner-
als that have attracted many experimental and theo-
retical studies (e.g., Reeder, 1983). Among them, cal-
cite (CaCO3) and magnesite (MgCO3) are the type of
alkaline-earth carbonates that have been widely stud-
ied. Dolomite (CaMgC2O6) is a half calcium and half
magnesium variant, which results in a slightly lower
symmetry (space group R3). All three carbonates belong
to the trigonal system. While calcite and magnesite

approach for retrieving elastic constants of magnesite
and dolomite.

2. Experimental procedures

2.1. Samples

The single crystals of dolomite were provided by
T.P. Mernagh from Geoscience Australia. The magne-
site crystals were cut from a sample excavated from
Liao-ning province, China. Both samples were identi-
fied by Raman spectra and the latter was also confirmed
by an X-ray diffraction study and its chemical compo-
sition was determined by an electron microprobe. The
dolomite sample is already a thin platelet (∼200 �m in
thickness) with roughly parallel cleavage planes. The
cutlet planes of magnesite were abraded and polished
to parallel each other within 10′ and to a thickness of
∼200 �m.

2.2. Brillouin scattering experiment

An argon ion laser (λ = 514.5 nm) and a six-pass
tandem Fabry–Pérot interferometer were used for the
Brillouin experiments. A platelet of each sample was
mounted on a three-circle Eulerian cradle, which was
used to control the sample with different co-planar orien-
tations. A symmetric scattering geometry was employed

◦

require six elastic constants (C11, C12, C13, C14, C33
and C44) to describe completely their elastic proper-
ties, the lower symmetry of dolomite takes an addi-
tional C15 to completely describe its elasticity. Chen
et al. (2001) have demonstrated that the elastic con-
stants of these three carbonates are inversely proportional
to the unit cell volume. However, while the single-
crystal elastic properties of calcite have been exten-
sively studied both by ultrasonic techniques (Dandekar,
1968a,b; Hearmon, 1979; Vo Thanh and Lacam, 1984)
and by Brillouin spectroscopy (Chen et al., 2001), only
one set of ultrasonic data each for dolomite (Humbert
and Plique, 1972) and magnesite (Hearmon, 1979) is
available in literature. In this study, Brillouin spec-
troscopy of magnesite and dolomite at ambient con-
ditions is performed and GA is applied to globally
search the potential model space of both elastic con-
stants and direction cosines of wave vectors simul-
taneously. The neighborhood of the global minimum
rapidly located by GA is then swept with a local
linearization scheme as an efficient targeting proce-
dure. The hybrid algorithm proved to be an effective
with an external angle of 90 between the incident and
scattered beams. With this geometry, the refractive index
can be cancelled out in the calculation of acoustic veloc-
ities and the Brillouin frequency shift �ω is directly
related to the acoustic velocity V and incident laser wave-
length λ by:

V = �ωλ√
2

(1)

A Brillouin spectrum consists of an elastically scattered
component with the same frequency as the excitation
source and a set of inelastically scattered components.
The latter displays a frequency shift caused by the inter-
action between photons and phonons in the sample. Our
Brillouin spectra were collected from the platelet on an
arbitrary position rotating from 0◦ to 180◦ with a 10◦
interval. At each angle, the spectra were recorded from
at least three different positions on the same plane and
then the average was taken to determine the acoustic
velocities. Details of the Brillouin scattering technique
have been elucidated earlier (e.g., Sinogeikin and Bass,
2000; Chen et al., 2001).
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3. Inverting for the elastic constants

3.1. Forward formulations

Christoffel’s equation is as follows (Anderson, 1989):

Λij − δijρV 2 = 0 (2)

where Λij are functions of the elastic constants and direc-
tion cosines of wave vector, δij the Kronecker delta, ρ

the density and V is the acoustic velocity. When the cra-
dle is rotated at an arbitrary angle θ (i.e., 0◦, 10◦, 20◦,
. . .), we denote the direction cosines of the wave vector
described by crystallographic coordinates as lθ , mθ and
nθ . For dolomite, one has:

Λ11 = l2θC11 + m2
θ

(
C11 − C12

2

)

+n2
θC44 + 2mθnθC14 + 2nθlθC15

Λ22 = l2θ

(
C11 − C12

2

)
+ m2

θC11

+n2
θC44 − 2mθnθC14 − 2nθlθC15

Λ33 = (l2θ + m2
θ)C44 + n2

θC33

Λ21 = −2mθnθC15 + 2nθlθC14

+lθmθ

(
C11 + C12

2

)

Λ31 = (l2θ − m2
θ)C15 + nθlθ(C13 + C44) + 2lθmθC14

Λ32 = (l2θ − m2
θ)C14 + mθnθ(C13 + C44) − 2lθmθC15

(2′)

n1n

n2n

n2
3(

where cφ = cos φ and sφ = sin φ. Eq. (3) relates the new
wave vector to the old one upon rotation of φ degree
about the unit vector (n1, n2, n3) described by Cartesian
coordinates. To simulate the experiments, the Cartesian
coordinates are taken as the crystallographic coordinates.
Therefore, the wave vector of cradle at angle θ can be
derived from the 0◦ wave vector through (taking θ = 80◦
as an example):⎡
⎢⎣

l80

m80

n80

⎤
⎥⎦ = M(−80)

⎡
⎢⎣

l0

m0

n0

⎤
⎥⎦ . (4)

It is the crystallographic coordinates that rotate when we
rotate the cradle, so a negative sign arises in the rotation
matrix. If n1 and n2 are known, n3 can be derived from
n2

1 + n2
2 + n2

3 = 1 and a vector on the plane of platelet
can be created as (n2, −n1, 0). If the angle between (l0,
m0, n0) and (n2, −n1, 0) is η, we have:⎡
⎢⎣

l0

m0

n0

⎤
⎥⎦ = M(η)

⎡
⎢⎣

n2

−n1

0

⎤
⎥⎦ . (5)

In other words, all the 19 sets of (lθ , mθ , nθ) are functions
of n1, n2 and η, exclusively. We end up inverting for the
six Cij’s and the three variables (n1, n2, η) representing
crystal orientation.

3.2. Brief introduction to the genetic algorithm (GA)
Λ12 = Λ21

Λ13 = Λ31

Λ23 = Λ32

For magnesite, one simply assumes C15 = 0 in Eq. (2′).
According to Eq. (2), the three eigenvalues of Λij cor-
respond to ρV2, where V corresponds to the compres-
sional wave velocity (Vp) or one of the two transverse
wave velocities (Vs1 and Vs2) as measured and derived
from Brillouin frequency shifts. Because the cradle was
rotated from 0◦ to 180◦ with a 10◦ interval, there are 19
sets of (lθ , mθ , nθ) corresponding to 19 sets of determined
(Vp, Vs1, Vs2), while Cij’s remain unchanged. Never-
theless, the 19 sets of (lθ , mθ , nθ) are not completely
independent because they are rotated about the same axis
(normal to the platelet). The general Cartesian rotation
matrix is (Boisen and Gibbs, 1985):

M(φ) =

⎡
⎢⎣

n2
1(1 − cφ) + cφ n1n2(1 − cφ) − n3sφ

n2n1(1 − cφ) + n3sφ n2
2(1 − cφ) + cφ

n3n1(1 − cφ) − n2sφ n3n2(1 − cφ) + n1sφ
3(1 − cφ) + n2sφ

3(1 − cφ) − n1sφ

1 − cφ) + cφ

⎤
⎥⎦ (3)

The genetic algorithm is a numerical optimization
scheme that mimics the biological evolution process. It
proceeds with a chromosomal representation of model
parameters. An initial population of probable solutions
is randomly generated within the model space, which is
then followed by crossover to produce the next genera-
tion solutions with higher probability assigned to those
with lower misfits of the cost function. Since better solu-
tions have a stronger resemblance to the best solution
in a chromosomal representation, the segment pattern of
the best solution tends to be passed to next generation,
as attested by reduction of overall misfit. To avoid being
trapped within a local minimum for highly rugged model
space topography, a probability of mutation is assigned
to expand sampling of the model space. After generations
of repeating the crossover and mutation, the solution
population eventually converges to the best solution, a



76 P.-F. Chen et al. / Physics of the Earth and Planetary Interiors 155 (2006) 73–86

Fig. 1. Distribution of population (cross sign) in different generations as projected on C11 (horizontal axis, divided by 10) and n1 (vertical axis,
multiplied by 100) subspace. The gray area is the regional topography low (least misfit) as calculated from forward formulation, using the best
solution found by GA (circle). The final solution is further fine-tuned by local linearization (diamond). Note the local minimum in the lower part of
all figures.

mathematical equivalent of “the survival of the fittest”
(Michalewicz, 1996). Notably, GA is a global minimum
searcher that is much more efficient than a simple brute
force grid search which is usually impractical for the
model space with high dimensions. However, due to the
stochastical nature of the setup of the initial solutions
population, the solution from GA is not necessarily the
best solution achievable. In this study, we overcome this
problem by multi-runs (discussed later).

3.3. Implementations

Christoffel’s equation is able to predict the measured
velocity if we have the correct elastic tensor and the crys-
tal orientation. We adopt a Matlab implementation of GA
(Houck et al., 1995) for inversion of the observed acous-
tic velocities. The model parameters to be inverted are
elastic parameters (C11, C12, C13, C14, C33 and C44) for
magnesite or (C11, C12, C13, C14, C15, C33 and C44) for
dolomite and the parameters (n1, n2 and η) specifying
the crystal orientation. The unit system was empirically
chosen to be 10 GPa for Cij, 10 g/cm3 for ρ and km/s for
wave velocity. Consequently, the bounds of the potential
solution space are (−50, 50) for Cij, (−1, 1) for n1 and

n2, and (0◦, 180◦) for η. We set the initial population size
of GA to be 300. The density ρ is 3.00 g/cm3 for mag-
nesite and 2.85 g/cm3 for dolomite. For each member in
the population, the 19 sets of (lθ , mθ , nθ) were calculated
from n1, n2 and (η − θ) according to Eqs. (4) and (5) and

Fig. 2. Fitness vs. generation plot. The dashed line is the average of
all individuals in the population at a specific generation, whereas the
solid line is the one with least misfit. Both lines demonstrate that the
improvement of fitness is limited after 200 generations.
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then inserted into Λij to derive the 19 sets of eigenvalues.
The composite misfit of the latter together with the 19
sets of observed ρVp, ρVs1, ρVs2 is evaluated. A new gen-
eration is then produced according to the crossover and
mutation described above. A total of 500 generations are
carried out to locate the global minimum. It is noted that
although GA is very effective in locating the neighbor-
hood of the global minimum at an initial stage, the rate
of convergence to the global minimum is significantly
retarded after a few hundred generations as the popula-
tion is closely clustered. Therefore, instead of evolving

through large number of generations, we incorporate
a local search mechanism, e.g., Levenberg–Marquardt
scheme (Press et al., 1992), upon the GA solution to pin-
point the global minimum, i.e., an implementation of a
hybrid numerical scheme.

The application of GA on magnesite data is eluci-
dated in Figs. 1–3. The effectiveness of the evolution to
converge to better solutions in the first few tens of genera-
tions is clearly depicted by the distribution and migration
of the solutions population from different generations
on the projected n1 (vertical) versus C11 (horizontal)

F
(
t
f

ig. 3. The experimental data (open circles for longitudinal velocity and star
solid and dashed lines) calculated from the elastic constants using the Cij’s s
he results of GA application only and the solid lines are the final results afte
ound by GA.
s and crosses for two transverse velocities) are compared with those
hown on top, as a function of the rotating angle. The dashed lines are
r conducting a local linearization at the neighborhood of the solution
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Table 1
The best 50 inverted results for magnesite in 200 runs

Run no. C11 C12 C13 C14 C33 C44 n1 n2 η Misfit α β γ

31 260 83 60 20 153 60 −0.83 −0.36 1.1 0.55 146.0 111.0 64.6
46 260 83 60 −20 153 60 −0.10 −0.90 7.7 0.55 96.0 153.6 64.4
59 260 83 60 −20 153 60 −0.10 −0.90 7.7 0.55 96.0 153.6 64.4

107 260 83 60 −20 153 60 −0.72 0.54 7.7 0.55 136.4 57.4 64.5
128 260 83 60 −20 153 60 −0.72 0.54 7.7 0.55 136.4 57.4 64.5

163 260 83 60 20 153 60 0.10 0.90 in 0.55 84.0 26.4 64.4
173 260 83 60 20 153 60 0.72 −0.54 1.1 0.55 43.6 122.6 64.5

21 50 −158 −202 −40 −500 250 −0.39 −0.32 4.5 0.60 113.1 108.5 30.4
154 50 −158 −202 40 −500 250 0.08 −0.50 4.5 0.60 85.5 120.0 30.4

8 50 −156 −202 40 −490 252 −0.39 0.33 4.6 0.61 113.1 70.7 30.9

28 50 −156 −202 −40 −492 252 0.09 0.50 4.6 0.61 84.8 59.7 30.9
41 50 −156 −202 −40 −490 252 0.09 0.50 4.6 0.61 84.8 59.7 30.9
73 50 −156 −202 −40 −490 252 0.39 −0.33 4.6 0.61 66.9 109.3 30.9
74 50 −156 −202 −40 −492 252 0.09 0.50 4.6 0.61 84.8 59.7 30.9
98 50 −156 −202 −40 −492 252 0.39 −0.33 4.6 0.61 66.9 109.3 30.8

47 176 54 71 −12 430 64 0.57 0.29 95.8 0.62 55.1 73.2 39.9
66 176 54 71 12 430 64 −0.57 −0.29 95.8 0.62 124.9 106.8 39.9

122 176 54 70 −12 425 64 −0.04 −0.65 95.8 0.62 92.0 130.3 40.4
167 176 54 71 −12 430 64 −0.54 0.35 95.8 0.62 122.4 69.5 39.8

40 261 98 −43 22 90 64 0.64 −0.38 4.9 0.62 49.9 112.2 48.3

93 261 98 −43 22 90 64 0.64 −0.38 4.8 0.62 49.9 112.3 48.4
124 261 98 −43 −22 90 64 0.65 0.37 4.8 0.62 49.5 68.4 48.3
137 261 98 −43 −22 90 64 −0.01 −0.75 4.8 0.62 90.3 138.3 48.3
179 261 98 −43 22 90 64 −0.65 −0.37 4.8 0.62 130.5 111.6 48.3
147 49 −156 −188 −35 −464 252 −0.46 −0.25 4.5 0.63 117.6 104.8 32.0

183 49 −156 −188 35 −462 252 −0.01 −0.53 4.5 0.63 90.6 122.0 32.0
187 49 −156 −188 −35 −462 252 0.45 −0.27 4.5 0.63 63.1 105.9 32.0

85 60 −389 −128 70 49 121 −0.09 −0.94 10.2 0.65 95.3 160.1 70.8
169 60 −389 −128 70 49 120 −0.09 −0.94 10.2 0.65 95.3 160.1 70.8

2 49 −470 −108 −20 37 101 −0.72 −0.39 5.3 0.65 135.9 112.7 54.6

30 49 −470 −108 20 37 101 −0.69 0.43 5.3 0.65 133.9 64.6 54.7
57 49 −470 −108 20 37 101 0.72 0.39 5.3 0.65 44.1 67.3 54.6
88 49 −470 −108 −20 37 101 −0.72 −0.39 5.3 0.65 135.9 112.7 54.6

151 49 −470 −108 20 37 101 0.72 0.39 5.3 0.65 44.1 67.3 54.6
164 49 −470 −108 20 37 101 −0.69 0.43 5.3 0.65 133.9 64.6 54.7

111 49 −470 −108 20 37 101 0.72 0.39 5.3 0.65 44.1 67.3 54.6
100 48 −165 −202 −40 −500 247 −0.42 −0.26 4.8 0.71 114.7 105.0 29.4

4 261 86 −145 17 178 59 0.85 −0.48 4.8 0.75 32.1 118.8 77.0
15 261 86 −145 −17 178 59 0.01 −0.97 4.8 0.75 89.6 166.9 76.9
27 261 86 −145 17 178 59 −0.84 −0.49 4.8 0.75 147.2 119.5 77.0

101 261 86 −145 −17 178 59 −0.85 0.48 4.8 0.75 147.9 61.2 77.0
139 261 86 −145 −17 178 59 −0.85 0.48 4.8 0.75 147.9 61.2 77.0
189 261 86 −145 −17 178 59 0.01 −0.97 4.8 0.75 89.6 166.9 76.9
130 49 −404 −113 −66 46 123 0.80 −0.50 5.7 0.78 37.3 120.1 70.1
133 74 −247 −25 37 278 68 −0.01 −0.95 94.4 0.84 90.9 162.6 72.6

33 260 98 −45 22 88 65 0.67 −0.33 180.0 0.87 48.3 109.4 48.0
37 260 98 −45 −22 88 65 0.05 −0.74 180.0 0.87 87.4 137.9 48.0
68 260 98 −45 −22 88 65 −0.67 0.33 180.0 0.87 131.7 70.6 48.0
87 260 98 −45 −22 88 65 0.62 0.41 180.0 0.87 51.7 65.8 48.0
99 260 98 −45 −22 88 65 0.05 −0.74 180.0 0.87 87.4 137.9 48.0
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subspace (Fig. 1), as well as the variation of the fitness
through generations (Fig. 2). Although the improvement
of fitness is limited after a few hundreds of generations
(Fig. 2), the proposed hybrid numerical scheme is able
to supplement GA to pinpoint the global minimum and
to achieve an optimal fitting of measured data as shown
in Fig. 3.

Due to the highly rugged fitness terrain arisen from
the non-linearity, there are numerous local minima scat-
tered throughout the model space. With a randomly
selected initial population, the converged final solution
yielded from the improved GA is still not unique. In
other words, different solutions might be obtained from
different runs based on the same data set. To compensate
for the inevitable stochastic characteristics, we decided
to repeat the procedure for multi-runs and the best solu-
tions were determined from those with lowest misfits. In
short, this exercise seeks to have statistically sufficient
coverage of the model space while keeping a manage-
able size of the initial population. The exact amount of
repeating depends on the complexity of the constrain-
ing equation or the ruggedness of the fitness terrain. Our
experience on the data of magnesite and dolomite mea-
surements suggested that about 200 trials are enough,
i.e., the solution is stable in the sense that the best out of
every 200 trials remains the same.

4. Results and discussion

Each trial represents a new starting model randomly
p
s
a
t
t
d
a
T
s
T
s
h
C
s
n
f
(
d
r
f

d

Fig. 4. The calcite-type structure. The red lines and squares depict the
unit cell and the blue lines and circles refer to the cleavage rhomb. The
black lines and diamonds are the related hexagonal cell with a- and c-
axes indicated. Also shown are the conventional Cartesian coordinates
with respect to the hexagonal system according to Nye (1957).

Fig. 5. The top view of Fig. 4. Note that the corners of the unit cell
and the cleavage rhomb have the same azimuths and are offset 30◦ to
the hexagonal axial system.
icked by the GA algorithm. Results of 200 trials are
orted in order according to value of misfit. The misfits
re evaluated as data-point (57 in the present experiment)
imes the root mean squares of the data. The best 50
rials (misfit ≤ 0.87) for magnesite are representatively
isplayed in Table 1, in which the last three columns
re the direction cosines (α, β, γ) of the plane normal.
hese correspond, respectively, to the X, Y and Z Carte-
ian coordinates of the crystal shown in Figs. 4 and 5.
here are seven solutions among 200 runs that have the
ame least misfit (0.55) in Table 1. The seven solutions
ave almost the same Cij’s, except the negative sign of
14. It is also noticed that the seven solutions have the

ame γ and some have different α and β. The apparent
on-uniqueness with the same least misfit is explained as
ollows. The key issues that need to be clarified include:
1) why does C14 flip sign? (2) Are the differences in
irection cosines (α, β, γ) among the seven solutions
elated? (3) Are the obtained Cij’s consistent with those
rom ultrasonic measurements?

Crystals having a trigonal system can also be
escribed in terms of a hexagonal frame (Figs. 4 and 5). It
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Fig. 6. Variation of misfit as a function of values of elastic constants (in GPa) for magnesite. The two vertical lines in each plot bound the range,
where the differential misfit is less than 5% of the minimum.

is thus a common practice to use the hexagonal descrip-
tion to relate the assigned Cartesian coordinates for Cij’s.
According to Nye (1957), the published Cij’s of a hexag-
onal system refer to the conventional Cartesian coordi-
nates with the Z-axis paralleling c, the X-axis paralleling
a1, and the Y-axis bisecting a2 and −a3 (Figs. 4 and 5).
Bearing this in mind, both questions (1 and 2) can be
answered together. The fact that the seven solutions
possess nearly the same γ angle indicates that the coordi-
nate settings of the solutions may be related by rotating
around the Z-axis. It is arbitrary to choose the coordi-
nates of Run #31 as the reference. Then one finds that
the coordinates of the other six solutions (Runs #46, 59,
107, 128, 163 and 173) can be, respectively, derived by
rotating 60◦, 60◦, 300◦, 300◦, 240◦ and 120◦ about the Z-
axis. Accordingly, a general rule may be established for
a trigonal system—the sign of C14 changes if the Carte-
sian reference system is rotated by (2n + 1) × 60◦ about
the Z-axis, where n is an integer. Rotations by 2n × 60◦
leave C14 unchanged. Therefore, C14’s of solution Runs
#46, 59, 107 and 128 (rows 2–5, respectively) change
sign relative to that of Run #31, while solution Runs
#163 and 173 (rows 6 and 7, respectively) maintain the
same sign. This rule is also observed for solutions with
greater misfit in the lower part of Table 1. The physical

explanation is that Christoffel’s equations are basically
the same for both hexagonal and trigonal systems, except
that the latter possesses an extra term of C14. This is
noticeable that the Z-axis symmetry is three-fold for a
trigonal system and six-fold for a hexagonal system. Fur-
thermore, it is recalled that C14 is either c1123 or c1132
for a tensor notation. For the purpose of illustration, we
visualize C14 as the Z-direction strain of the surface nor-
mal to Y in response to the stresses along X-direction.
As demonstrated in Figs. 4 and 5, the current dominant
plane in the first quadrant of X–Y axes is face down.
It is expected that tension along an X-direction would
induce negative displacements in the Z-axis and thus C14
is negative. Conversely, the Z-direction displacements
are positive (positive C14) in response to the X-direction
tension for the face-up plane. The latter becomes the
dominant plane in the first quadrant of X–Y axes by
rotating (2n + 1) × 60◦ about the Z-axis. This explains
why rotating (2n) × 60◦ does not change the sign of C14,
but (2n + 1) × 60◦ does. It is interesting to note that the
refinement of elastic constants from measurements high-
lights the existence of “non-uniqueness” in the choice of
a reference system.

The C11, C12, C13, C14, C33 and C44 for magnesite in
this study as determined by the solution of least misfit
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Table 2
The best 50 inverted results for dolomite in 200 runs

Run no. C11 C12 C13 C14 C15 C33 C44 n1 n2 η Misfit α β γ

91 202 118 56 8 22 120 65 −0.56 0.78 36.4 0.65 124.1 38.4 74.6
93 202 118 56 22 10 120 65 −0.75 0.61 36.4 0.65 138.4 52.6 74.6

104 202 118 56 −22 −8 120 65 −0.89 −0.36 36.4 0.65 153.4 111.2 74.6
105 202 118 56 22 10 120 65 0.90 0.33 36.4 0.65 25.3 70.5 74.4
152 202 118 56 −12 −20 120 65 −0.95 −0.14 36.4 0.65 162.6 98.0 74.6

199 202 118 56 12 −20 120 65 0.29 −0.92 36.4 0.65 73.0 156.6 74.5
64 203 68 45 16 15 96 39 −0.20 −0.61 38.8 0.66 101.6 127.3 39.7

126 203 68 45 6 −20 96 39 −0.63 0.11 38.8 0.66 128.9 83.5 39.6
156 203 68 45 17 −13 96 39 0.49 0.41 38.8 0.66 60.6 66.0 39.6

18 205 150 −232 −3 −8 103 75 −0.95 −0.17 36.3 0.72 161.6 99.7 74.5

81 205 150 −232 8 −4 103 75 −0.91 0.32 36.3 0.72 155.4 71.3 74.5
31 202 65 55 22 12 141 40 0.75 0.28 35.6 0.82 41.8 73.9 52.7
51 202 65 55 20 13 141 40 −0.60 0.52 35.6 0.82 126.9 58.5 52.7

141 202 65 55 −20 15 141 40 −0.17 0.78 35.6 0.82 99.9 39.0 52.7
6 133 32 −257 8 6 182 73 0.83 0.26 126.4 0.83 33.6 75.0 60.7

102 205 148 58 −1 11 95 78 −0.41 0.85 36.8 0.84 114.2 32.0 70.4
89 202 60 60 22 −10 143 37 0.66 0.42 39.5 0.85 49.0 65.2 51.1
21 128 12 105 11 −11 231 68 0.52 0.48 126.9 0.89 58.8 61.2 45.0
96 128 12 105 −6 −13 231 68 0.41 −0.58 126.9 0.89 66.0 125.4 45.1

118 128 12 105 −6 −13 231 68 0.42 −0.57 126.9 0.89 65.2 124.7 45.0

119 128 12 105 1 −15 231 68 −0.71 0.05 126.9 0.89 134.9 87.2 45.0
178 128 12 105 −12 −10 231 68 0.19 0.68 126.9 0.89 78.8 47.2 45.0

28 70 −227 −30 −11 −78 69 91 −0.96 −0.15 36.4 0.89 162.9 98.8 75.5
174 70 −227 −30 73 −30 69 91 −0.93 0.27 36.4 0.89 158.4 74.4 75.5

5 201 108 4 22 −6 41 65 0.05 −0.64 37.2 0.90 87.2 130.2 40.3

13 201 108 4 −12 −20 41 65 −0.64 −0.10 37.2 0.90 129.7 95.8 40.3
19 201 108 4 −20 −12 41 65 0.13 0.63 37.2 0.90 82.4 50.7 40.3
26 201 108 4 20 −10 41 65 0.08 −0.64 37.2 0.90 85.7 130.0 40.3
30 201 108 4 20 12 41 65 −0.13 −0.63 37.2 0.90 97.7 129.3 40.3
37 201 108 4 20 −11 41 65 0.51 0.40 37.2 0.90 59.2 66.7 40.3

50 201 108 4 16 −17 41 65 0.47 0.45 37.2 0.90 62.0 63.5 40.3
55 201 108 4 4 −22 41 65 −0.64 0.06 37.2 0.90 130.2 86.7 40.4
62 201 108 4 −17 −16 41 65 0.45 −0.47 37.2 0.90 63.3 117.7 40.3
65 201 108 4 10 −20 41 65 −0.64 0.12 37.2 0.90 129.5 83.2 40.3
78 201 108 4 −22 −8 41 65 0.09 0.64 37.2 0.90 84.8 50.1 40.3

92 201 108 4 −10 20 41 65 −0.42 −0.50 37.2 0.90 114.6 119.7 40.3
99 201 108 4 −10 20 41 65 −0.42 −0.49 37.2 0.90 114.7 119.6 40.3

107 201 108 4 22 −2 41 65 0.00 −0.65 37.2 0.90 90.2 130.3 40.3
113 201 108 4 22 −8 41 65 0.05 −0.64 37.2 0.90 86.8 130.2 40.3
116 201 108 4 −22 −2 41 65 0.54 −0.35 37.2 0.90 57.2 110.7 40.3

122 201 108 4 2 −22 41 65 −0.65 0.04 37.2 0.90 130.2 87.8 40.3
132 201 108 4 −12 −20 41 65 0.41 −0.50 37.2 0.90 65.9 120.1 40.4
145 201 108 4 −22 −6 41 65 0.52 −0.39 37.2 0.90 58.9 112.9 40.3
169 201 108 4 −5 −22 41 65 −0.65 −0.03 37.2 0.90 130.3 91.5 40.4
173 201 108 4 15 −17 41 65 −0.63 0.16 37.2 0.90 128.8 80.6 40.3

175 201 108 4 22 −6 41 65 0.54 0.36 37.2 0.90 57.7 68.7 40.3
184 201 108 4 −3 −22 41 65 0.33 −0.56 37.2 0.90 70.5 123.7 40.3
190 201 108 4 −22 6 41 65 0.58 −0.28 37.2 0.90 54.4 106.5 40.4
193 201 108 4 −12 20 41 65 −0.20 0.62 37.2 0.90 101.7 52.0 40.4

25 79 −12 −70 −11 −46 −283 187 0.24 0.46 38.2 0.99 76.1 62.5 31.4
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Fig. 7. The same as in Fig. 3, but for dolomite of the least misfit (0.65) group. Note the significant improvement made by local linearization (dashed
lines vs. solid lines).

(0.55) are 260.3(2.6), 82.9(4.5), 59.6(3.1), (−)20.1(1.3),
153.7(4.1) and 59.7(1.4) GPa. The numbers in parenthe-
ses are uncertainties for the corresponding Cij’s, which
were estimated by calculating the variations of misfit as
a function of the specific Cij exclusively at the inverted
solution (Fig. 6). The range of uncertainties is defined as
the half width, where the differential misfit is no greater
than 5% of the least misfit. In comparison with 259,
75.6, 58.8, −19.0, 156 and 54.8 GPa as derived from
an ultrasonic study (Hearmon, 1979), the elastic con-
stants of magnesite determined by Brillouin measure-
ments are largely in line with those derived by ultrasonic
methods.

The results for dolomite are similarly shown in
Table 2, except for an extra column of C15 (column
6). By inspecting the results of Table 2, there are two
issues needed to be clarified: (1) the solutions with
similar values of misfit, η and γ are grouped together.
While C14 only flips sign among solutions of the same
group for magnesite, both C14 and C15 vary in a more
complicated way within the same group for dolomite.
How are they related and what are the true C14 and
C15 for dolomite? (2) Although the difference in mis-
fit between the least (0.65) and the second least (0.66)
groups looks minor (Figs. 7 and 8), the values of Cij’s
between the two groups are rather different (see Table 2).
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Fig. 8. The same as in Fig. 7 but for the second least misfit (0.66) group. Note that the comparable fitting between Fig. 7 and Fig. 8, but there are
substantial discrepancies in C12, C44 and probably C33.

Which one is more appropriate for the elasticity of
dolomite?

As shown in Table 2, the group of Runs #91, 93,
104, 105, 152 and 199 has a misfit = 0.65. We arbitrar-
ily choose the coordinates of Run #91 as the reference.
Then, the coordinates for the rest of this group derived,
respectively, by rotating 15◦, 76◦, 255◦, 63◦ and 162◦
about the Z-axis are the same as those of Run #91. The
seemingly unrelated angles suggest that regardless of the
angle being rotated about the Z-axis, a solution with the
same misfit can always be determined by adapting proper
C14 and C15. The hypothesis is tested by systematically
varying α within the range defined by γ with C14 and

C15 being the only independent variables and other Cij’s
being fixed in the group. Upon GA application, the final
solution always has the same misfit within the group,
varying C14 and C15 according to the angle α. C14 and
C15 as a function of α are shown in Fig. 9 for the groups
of the least and the second least misfit. According to Eq.
(2), the misfit is determined by the composite differences
of eigenvalues of Λij’s and the observed ρV2 at the 19
rotation angles (θ). Within a group, all solutions of Cij’s
are the same except the variables of C14 and C15 and the
variables of lθ , mθ and nθ . Since lθ , mθ and nθ at a given
rotation angle θ depend on the rotation vector, they are
different with different α and so are the Λij’s produced by
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Fig. 9. C14 and C15 as a function of α for the least misfit group (upper) and the second least misfit group (lower) of dolomite. The α angle
corresponding to the true cell rhomb (upper) and to the cleavage rhomb (lower) is marked by vertical lines.

Fig. 10. The same as in Fig. 6 but for dolomite.
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their coupling with Cij’s. However, we find that the dif-
ferent eigenvalues of Λij’s are almost identical and yield
the same misfit when results of the 19 rotation angles
are summed. The implicit mathematical relationships for
the non-uniqueness of C14 and C15 are not clear to us at
present.

Since the plane of our dolomite sample is the cleavage
plane, the relationships between the normal vector of the
cleavage plane and the direction cosines are investigated.
The calcite structure is frequently described in both (or
either) the true rhombohedral unit (red in Fig. 4) and the
cleavage rhombohedron (blue in Fig. 4). According to
Bragg et al. (1965), the axial length and rhombohedral
angle of dolomite are, respectively, 6.00 Å and 47.62◦ for
the true rhomb and 6.18 Å and 102.83◦ for the cleavage
rhomb. Thus, the angles for the direction cosines of the
normal vector of the rhomb planes are (33.1◦, 118.9◦ and
75.2◦) for the true cell and (53.3◦, 110.2◦ and 43.6◦),
for the cleavage cell, as described by the conventional
Cartesian coordinates. It is noted that the γ angles of
the groups of the least and the second least misfit are
74.6◦ and 39.6◦ (Table 2), respectively. Accordingly, the
Cij’s of the least misfit (0.65) group should be adopted
if the plane of the true rhomb is measured and those of
the second least misfit (0.66) group should be accepted
if the plane of the cleavage rhomb is measured. On the
basis of the known α angles for both planes, C14 and C15
are, respectively, determined to be 24.1 and −1.0 GPa for
the true rhomb (α = 33.1◦) and 20.6 and 6.7 GPa for the
cleavage rhomb (α = 53.3◦) as marked by vertical lines
i
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it is proposed that the procedure be repeated several
times before a decision on the final solution is made.
The results for both magnesite and dolomite indicate that
the elastic constants determined by Brillouin measure-
ments and ultrasonic methods are reasonably consistent.
By analyzing the outcome of our inversion scheme, it
is found that C14 of a trigonal system could be either
positive or negative, depending on choice of crystal coor-
dinates. For a given group with a fixed misfit value, C14
and C15 for solutions of dolomite are not unique and
depend on the angle α. The γ angles of the two best
sets of solutions from dolomite measurements resem-
ble those of the normal vector of planes of the true unit
cell and the cleavage rhomb. The Cij’s corresponding to
the cleavage rhomb is adopted because a cleavage plane
was used in our experiments. It is anticipated that the
inversion scheme developed in this study should also
be applicable to crystals with lower symmetry, because
no particular assumptions on symmetry are embedded
within the scheme. Extension of the present scheme to
crystals with lower symmetry is under way in our labo-
ratory.
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n Fig. 9.
We tentatively adopt results of the second least misfit

0.66) group for the elasticity of dolomite because the
leavage plane was used in our measurement. Accord-
ngly, C11, C12, C13, C14, C15, C33 and C44 for dolomite
re 204.1(2.2), 68.5(3.4), 45.8(4.4), 20.6(1.3), 6.7(1.5),
7.4(5.3) and 39.1(1.5) GPa. The uncertainties in the
arentheses were derived in a similar way as those for
agnesite (Fig. 10). The corresponding ultrasonic data

re 205, 71.0, 57.4, −19.5, 13.7, 113 and 39.8 GPa
or dolomite (Humbert and Plique, 1972). The results
btained between the two methods are reasonably con-
istent if the sign of C14 is neglected.

. Conclusions

It is concluded that the combination of GA and local
inearization is an effective and innovative way of retriev-
ng elastic constants and wave-normal directions simul-
aneously from Brillouin measurements. To keep the size
f the initial population of GA manageable, while hav-
ng statistically sufficient sampling of the model space,
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