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Abstract

Acoustic emissions prior to rupture indicate precursory damage.
Laboratory studies of frictional sliding on model faults feature accelerat-
ing rates of acoustic emissions prior to rupture. Precursory seismic emis-
sions are not generally observed prior to earthquakes. To address the
problem of precursory damage, we consider failure in a fiber-bundle
model. We observe a clearly defined nucleation phase followed by
a catastrophic rupture. The fibers are hypothesized to represent asperities
on a fault. Two limiting behaviors are the equal load sharing p=0
(stress from a failed fiber is transferred equally to all surviving fibers)
and the local load sharing p =1 (stress from a failed fiber is transferred
to adjacent fibers). We show that precursory damage in the nucleation
phase is greatly reduced in the local-load sharing limit. The local transfer
of stress from an asperity concentrates nucleation, restricting precursory
acoustic emissions (seismic activity).
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1. INTRODUCTION

A magnitude M,, = 6.0 earthquake occurred on the Parkfield segment of the
San Andreas fault on 28 September 2004. This was the most recent in a se-
quence of M~ 6.0 earthquakes that have occurred on this segment with
mean intervals of about 30 years. In expectation of this event, a dense array
of instruments were deployed to study all aspects of the earthquake. Seis-
mometers were installed to monitor any precursory seismic activity. No pre-
cursory seismic activity was observed on or near the rupture surface. The
instrument sensitivity extended down to at least an M =1 -earthquake
(Bakun et al. 2005).

The object of this paper is to study the physical processes responsible for
precursory seismicity. Two examples of precursory seismicity have received
considerable attention. The first of these are foreshocks. Extensive statistical
studies have shown that the magnitudes of most foreshocks are very nearly
as large as the subsequent mainshocks (Savage and dePolo 1993). In addi-
tion, the times of occurrence of the foreshocks are quite close to the times of
the mainshocks (Agnew and Jones 1991). These observations have led to the
working hypothesis that a foreshock is an aftershock that had a magnitude
larger than the magnitude of the original mainshock (Helmstetter and
Sornette 2003). About 5% of earthquakes have foreshocks (Reasenberg
1999). No foreshocks occurred prior to the 2004 Parkfield earthquake.

A second example of observed precursory seismicity is accelerated mo-
ment release (AMR) (Bowman ef al. 1998). There is considerable evidence
that there may be an increase in the number of intermediate-sized earth-
quakes prior to some large earthquakes. This precursory seismicity occurs
over periods of years and accelerates in frequency prior to the large earth-
quake. The region over which this seismicity occurs appears to scale as a
correlation length which is a function of the magnitude of the large earth-
quake. Earthquakes associated with foreshocks and AMR occur on faults
other than the fault on which the subsequent large earthquake occurs. In this
paper our concern is the occurrence of precursory seismicity on the fault
zone on which a large earthquake subsequently occurs. No such seismicity
was observed prior the 2004 Parkfield earthquake. We propose a model for
the physics of material failure associated with an earthquake.

Our understanding of the physics of material failure is largely based on
laboratory experiments. The Parkfield earthquake occurred on a well defined
fault, the San Andreas, that had been subject to many previous ruptures. It is
generally hypothesized that fault ruptures occur when the applied shear
stress exceeds the “static” coefficient of friction. Many laboratory studies of
frictional sliding on model faults have been carried out (Marone 1998).
Probably the most relevant in terms of precursory damage prior to failure
was carried out by Weeks er al. (1978). A large granite block containing
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a through-going saw cut was confined at pressures up to 100 MPa. Under con-
stant stress-rate loading, fourteen violent slip events occurred. Some 8000
microseismic events also occurred. A systematic increase in the rate of
microseismic events was observed prior to each major slip event. These
events satisfied a power-law frequency-amplitude scaling to a good approx-
imation.

The granite blocks constituted rigid elastic half spaces with near uniform
properties. The frictional resistance of the saw cut can be attributed to
“asperities” (points of contact) across the saw cut. These asperities can be
assumed to have a range of scales and strengths. When an asperity fails, the
stress carried by the asperity is transferred to other asperities. The physics of
this stress transfer is a major focus of this paper. The precursory acoustic
emissions can be associated with failure of weak “asperities” (points of con-
tact). A major question in earthquake physics is: Why do we not observe as-
perity failures (small earthquakes) prior to an event such as the Parkfield
earthquake?

Before presenting our model for earthquake rupture it is appropriate to
discuss the relevance of these laboratory studies to earthquake ruptures. It is
generally accepted that friction is the applicable rheology for faults. Howev-
er, there are differences between the laboratory conditions and the conditions
of a fault. In the laboratory, normal stresses are much lower and the rates of
strain are much higher. In addition, the role of fluids in terms of fluid pres-
sure and chemical healing of a fault are not duplicated. Thus caution must be
exercised in relating the laboratory experiments to earthquakes.

In this paper we restrict our earthquake discussion to the precursory be-
havior prior to the 2004 Parkfield earthquake because of the very sensitive
seismic network adjacent to the rupture which provides the best available ev-
idence for the absence of precursory small earthquakes. We have restricted
our discussion of laboratory experiments to those of Weeks et al. (1978) be-
cause they most closely simulate the earthquake rupture.

The basic observation we address in this paper is the absence of small
earthquakes on a fault prior to a large earthquake. This is not the case for the
laboratory experiments discussed above, in which a large number of
microseismic events preceded rupture. In order to provide an answer to this
question, we will consider a discrete model for the behavior of asperities on
a rupture surface. Several discrete models for faults have been proposed. The
first large-scale model was studied by Carlson and Langer (1989). These au-
thors considered a long linear array of slider blocks; each block was attached
to a constant velocity driver plate by loader springs, spring constant K; , and
was connected to the two adjacent blocks with connector springs, spring
constant K. They used a velocity weakening friction law and considered up
to 400 blocks. Slip events involved various numbers of blocks. The frequency-
size distribution of events was found to satisfy power-law scaling. Many
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other slider-blocks simulations have been carried out with similar results.
This work has been reviewed by Turcotte (1999). A near uniform behavior is
found under a wide range of conditions. This behavior is controlled by the
ratio of spring constants

y =25 (M

If y is very small, single block failures dominate; as y is increased a power-
law frequency-size distribution of small events develops but no large events
occur. The ratio of spring constants y can be increased until the power-law
distribution extends across the entire array; this is taken to be a critical point,
and y is the turning parameter. As y is increased further, system wide events
occur with a power-law distribution of small events. In the limit y — o
only system wide events occur (Turcotte et al. 2007). There are similarities
between the large y slider-block model and the experiments described above.
However, a systematic acceleration of small slip events prior to a large event
is not seen.

In this paper we will model fault rupture using a fiber-bundle model. We
associate the fibers with asperities on a fault. We will consider in some detail
the relation of the fiber-bundle model to the slider-block model in the
Appendix. Fiber-bundle models have been widely used to model material
failure (Pradhan et al. 2010), specifically for composite materials. Two types
of fiber-bundle models have been proposed. The first is a static model in
which the failure strength of each fiber is specified from a statistical distribu-
tion (Daniels 1945). There is no time dependence in this model, a fiber fails
instantaneously when the stress on the fiber is equal to or greater than the
prescribed failure strength. The second type of model is dynamic and time
dependent. A time to failure is specified for each fiber from a statistical dis-
tribution. These failure times are strongly stress dependent (Coleman 1958).

It is also necessary to specify how the stress from a failed fiber is redis-
tributed to other fibers. One extreme case is an equal load sharing. The stress
from a failed fiber is redistributed equally to all surviving fibers. The other
extreme case is a local load sharing. The stress from a failed fiber is redis-
tributed equally to adjacent fibers. Fiber-bundle models have been
reviewed by Phoenix and Newman (2009).

An important distinction between slider-block and fiber-bundle models is
healing. In the standard slider-block model, the surface heals after a slip
event and multiple slip events involving a block can occur. In the standard
fiber-bundle model, the fiber is removed from the system when it fails and
cannot carry a stress again.

Our objective is to model the failure of asperities on a fault during stress
accumulation. We make the hypothesis that when an asperity fails it does not
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restick and therefore we utilize the fiber-bundle model in preference to the
slider-block model. Since stress accumulation on a fault is a slow process we
choose the static model and specify the distribution of the strengths of the
fibers (asperities). We find the variability of these strengths (coefficient of
variation representing material heterogeneity) to be an important parameter.
Redistribution of stress from a failed fiber is also important. Two extremes
are the uniform load sharing (the load is redistributed uniformly to surviving
fibers) and the local load sharing (load is redistributed to adjacent fibers).
We associate the near uniform load sharing with the laboratory experiments
described above due to the rigidity of the granite matrix. We associate the
local load sharing with actual faults due to the damaged matrix in which they
are embedded. We will show that precursory failures are fewer with local
load sharing than with uniform load sharing.

There have been extensive discussions in the physics literature whether
the transition from nucleation to rupture is a phase change. This work has
been reviewed by Alava ef al. (2006) and Pradhan et a/l. (2010). The thermo-
dynamics of fiber-bundle models has been discussed by Pride and Toussaint
(2002). Central to this work is the definition of temperature for the problem.
Fluctuations can be introduced but they do not follow naturally from the
basic fiber-bundle model.

A relevant set of laboratory experiments have been carried out by
Garcimartin et al. (1997) and by Guarino et al. (1998, 1999, 2002). These
authors studied the failure of circular panels (222 mm diameter, 3-5 mm
thickness) of chipboard. A differential pressure across the panel was (1) in-
creased linearly in time until failure occurred, or (2) increased instantaneous-
ly and held constant until failure occurred. The use of chipboard introduced a
relatively soft material with interacting fibers similar to our fault model. Pre-
cursory micro fractures occurred. Initially, the micro fractures occurred ran-
domly but they subsequently coalesced in the region of subsequent rupture
initiation. Precursory acoustic emissions occurred similar in form to those
illustrated in Fig. 4b. We conclude that the near uniform tension hoop stresses
in the panels result in a near uniform stress distribution from failed fibers.

Scorretti et al. (2001) and Ciliberto et al. (2001) discussed the failure be-
havior of the chipboard in terms of a fiber-bundle model. They argued that
the dominant feature is a random (thermal) distribution of stresses. The het-
erogeneous stress field is not due to thermalization but rather due to the
stress interactions in the heterogeneous chipboard. Their explanation would
appear also applicable to earthquakes on faults. The heterogeneous nature of
the earth’s crust due to distribution of faults and joints on all scales leads to a
strongly heterogeneous stress field. This heterogeneous stress field masks
the build up of stress during the tectonic earthquake cycle, as discussed
above.
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2. FIBER-BUNDLE MODEL

Our model consists of a square array of ny fibers, as illustrated in Fig. I.
A load Fj is applied to the array and the mean stress on the fibers f is given
by
- F
f = (2)
The failure force for each fiber i, f;, is specified by a statistical distribu-
tion of failure forces. Based on many studies, we choose the Weibull distri-
bution (Weibull 1951, Meeker and Escobar 1998). The unique property of
the Weibull distribution is the scale-invariant, power-law behavior of its
hazard function. The cumulative distribution function (cdf) for this distribu-

tion is given by
V;
P(1,) = 1—exp{—(%} ] , )

where f; is a reference failure force and f is the power-law exponent. The
mean s , standard deviation o, and coefficient of variation C, of the Weibull
distribution are given by

Fig. 1. llustration of the model. A square array of fibers is considered with L fibers
on a side. For the example shown L =20 so the original number of fibers is
no=20%=400. The load on the fibers is increased until the weakest fiber fails, this is
indicated by the solid square. A local load sharing region is defined, for the case
illustrated =1 and the number of fibers in this region is n,, 8 as given by Eq. (7).
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7= fr(1+1/8) 4)

o= fo{r(1+z//y’)-[r(1+1//3)]2}U2 : (5)

¢ -2 | L2 L ®)
fo[r(+1/p)]

When g =1, the Weibull distribution reduces to the exponential distribution.
In the limit f — oo all fibers fail at the reference failure force fy. The appli-
cability of the Weibull distribution to the failure of fibers has been estab-
lished directly by experimental studies (Pradhan et al. 2010).

We determine the failure strength of the fibers is in our fiber bundle ran-
domly. For each fiber, a random number P; in the range 0 to 1 is chosen.
Using this random number, the failure force f;/f; is obtained from Eq. (3).
The first fiber fails at f; = fiin, the smallest failure stress. The force on the
array is increased until /= f;,in, and the weakest fiber fails. The failed fiber
is removed from the array and the force on this fiber fji, is redistributed onto
the surviving fibers, the total force on the array F' remains constant.

The redistributed force is divided into two parts. A fraction p is redis-
tributed equally to all surviving fibers within a range of interaction r (Kun et
al. 2000). The parameter p is a measure of the stiffness of the system. A stiff
system has p near zero and a soft system has p near unity. If the medium in
which a fault is embedded behaves elastically then the stress is redistributed
according to the laws of elasticity. However, actual faults are embedded in a
damaged region. Transfers of stress induce displacements on the ensemble of
embedded faults. The result is that the matrix is relatively soft.

The concept of local load shearing is illustrated in Fig. 1 with »=1. This
local load sharing is carried out over a square region with 27+ 1 fibers on a
side. The number of fibers n,; over which this fraction of the failed load is
redistributed is

n, = (2r+1) -1. @)

For example, in Fig. 1, n,,=28. Each of these n,; fibers has an increase in
force Afy;, given by
pffmin

n rd

Afy = ®)

In subsequent redistributions, some of the fibers in the local load sharing
region may have been removed due to previous failures. In this case, the
stress is redistributed to the surviving fibers. In terms of the fiber-bundle
model, local load sharing takes into account the frictional transfer of stress to
adjacent fibers when a fiber fails.
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The other redistribution fraction (1 —p) is distributed equally to all sur-
viving fibers. This is uniform load sharing. For the failure of the first fiber
each of the ny— 1 surviving fibers has an increase in force Af;;; given by

(= P)S min
(n=1)

The fibers within the square local load sharing region receive both con-
tributions. The limit p =0 is the uniform load sharing. A fiber does not in-
teract with other fibers and when it fails its stress is redistributed equally to
all other fibers. This equal redistribution of stresses would be appropriate for
the granite block experiments carried out by Weeks et al. (1978) and dis-
cussed above. This would be a very stiff system. In order to specify our
problem we require: (1) array size ny, (2) range of interaction 7, (3) measure
of load sharing p, and (4) Weibull exponent 5. As a measure of the applied
load we consider the mean load per original fiber as given in Eq. (2). We fur-
ther assume that the applied load F(¢) increases linearly with time ¢ and write

Af;ls = (9)

7= foy (10)

where ¢, is a reference time and f; is the reference failure force introduced in
Eq. (3).

3. MEAN-FIELD SOLUTION

To illustrate our fiber-bundle model we first consider the mean-field (uni-
form-load sharing) limit p = 0. In this case we can obtain an analytic solu-
tion. In the mean-field limit, the forces f{¢) on the surviving fibers are equal.
The number of surviving fibers is #n(f). From Eq. (3) we note that in the limit
S — oo all fibers fail at the reference fiber load f;. Thus from Eq. (10) we see
that the failure of the array in this limit occurs at ¢ =¢,. We will obtain our
solutions as a function of the nondimensional time #/¢,.

In order to quantify the failure of our fiber bundle we introduce the con-
cept of damage mechanics (Krajcinovic 1996). The damage variable o is de-
fined by

E=E(-a), (11)

where E is Young’s modulus during failure and £, is the original reference
value of Young’s modulus. The damage variable o quantifies the deviation
from linear elasticity due to damage such as microcracks. For our fiber-
bundle array with equal load sharing we have

a=1-"1 (12)

n,
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This follows from the relation

E=E . (13)

n,

A primary objective of our studies is to obtain a(#/t).
We first write a force balance for the array with equal-load sharing. This
is given by

F=nf =nf . (14)

Since the fiber force f'is the same for all fibers, the number of surviving
fibers is related to the fiber force by Eq. (3) with the result

B
nl - exp{—[%) } . (15)

Combining Eqgs. (10) and (14) gives

Combining this with Eq. (16) gives

t_f rY
0 zexp{‘(ﬂ } | .

This equation gives f/f; as a function of #/#,. It is important to note that for
each value of #/, there are two values of f/fo. This will be illustrated below.
From Egs. (12) and (16) we have

ot
a=1 =1 P (18)

n, 0

which can be used to obtain a as a function of #/%. The dependence of o on
t/ty is given in Fig. 2 for =2, 6, and 10. We see that the damage increases
slowly to a maximum critical value of a, a., at which time, ¢. , the total fail-
ure occurs catastrophically. The increase in damage from a=0 at t=0 to
oo=a. at t=t. is a nucleation phase and the increase in damage from
o=a, to a=1 at t=¢. is a rupture phase. This transition can be associated
with a second-order phase change since da/df is continuous but d’a/df’ is
discontinuous. As noted above, there are two values of a for each value of
t/typ. The upper values shown as dashed lines are not physical. When
doa/dt — o the value of o increases instantaneously, as shown by the solid
lines in Fig. 2.
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Fig. 2. The dependence of the damage variable a on the nondimensional time #/¢, in
the uniform load sharing (mean field) limit with S =2, 6, and 10. The transition
from the nucleation phase to the rupture phase occurs when da/df — © with a = «.
and ¢ = 1. The vertical lines represent the rupture phase, the dashed lines are solu-
tions of Eq. (18) but are not physical.

We can obtain simple analytic expressions for the critical failure time ¢,
and the corresponding value of damage a.. As can be seen in Fig. 2 we have
da/dt = o at this critical point. This corresponds to the condition df/d¢= oo
or d#/df= 0. Taking the derivative of Eq. (17) we obtain

Sode (I (Lj _
" df—exp( foj {1 ﬂfo =0, (19)
which gives

. g

()"

And from Eq. (17) we have

t, (1) 1
=) ) ey

Combining Egs. (18), (20), and (21) gives

a, =1- exp(—%) . (22)

For the examples considered in Fig. 2 we have for =2, 6, and 10,
f/fo=0.707, 0.742, and 0.794; t./t,=0.429, 0.628, and 0.719; and
o.=0.393, 0.154, and 0.095.
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Although we have a critical failure of the array, we do not have a propa-
gating fracture. In the equal load sharing (mean field) limit failures are spa-
tially random. There is no localization and nucleation of a propagating rup-
ture.

It is also of interest to determine the energy dissipated by fiber failure.
We assume that the energy dissipated is the elastic energy in the fiber just
prior to failure. We associate this energy with acoustic emissions and seis-
mic energy. Our objective is to determine the time dependence of the dissi-
pated energy during the nucleation phase and the relative magnitudes of
energy dissipated during the nucleation phase and the rupture phase.

We will again define a reference failure energy E in the limit f — oo. In
this limit all fibers fail at the reference fiber load f;. The energy dissipated
when a fiber fails at this load e, is given by the elastic energy in the fiber at
this load
4,L,0,

2E,

(23)

60:

where Ay is the fiber area, L, is the fiber length, E,is Young’s modulus of the
fiber, and o is the fiber failure stress. Using the relation

fo = 4,0, . (24)
Equation (23) can be written as
LR
C24,E,

(25

€

The total energy associated with the failure of the fiber bundle in the limit
p — o, Ey is given by

AL,cin
E, = ne, = %foo (26)
The energy dissipated when a fiber fails at the load f'is given by
L.f?
e, = 1. (27)
Y

Using Egs. (25) and (27) we introduce the nondimensional failure energy

2
¢ / j
L1 L 28
% ( 7 (28)
We now apply this result to our mean-field fiber bundle failure. In this
case all fibers have the same force f{¢f). We next determine the cumulative

energy E dissipated in the fiber bundle as it fails. We consider the
nondimensional ratio E£/E, which is given by
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E 1'0e
—=— [ L. 29)
E, Ry 2 G (
Taking the derivative of Eq. (15) we obtain
1 dn Y ( fjﬁ
- == . 30
=A%) exp{ % G0

Substitution of Egs. (28) and (30) into Eq. (29) gives

f1fy P+l B
E y J‘ (]j:j exp|:—[fij :|d(fij (€28
Making the substitution
%
. [_j | (32)

fo

Equation (31) can be written as

E _ cun) 5 ., 2 rY
il A ﬂ{(ﬂﬂj(ﬁ)” (33)

where y is the lower incomplete gamma function (Abramowitz and Stegun
1972).

From Egs. (17) and (31) we obtain E/E) as a function of ¢/,

1g
N\
l::\
~
0.8f \Q{“
by
.,
~
.
‘:\\“‘x
0.6/ o
. AN
=) ‘\ [
E‘_‘ AN \~\\\\
) R |
0.4¢ SR N
\‘ \\ ~.
—pB=2 A RS \‘s
o2 —B=6 \\ o S\
—p3=10 g ‘\ \\
B - \‘ \‘
0 0.2 0.4 0.6 0.8
t/'/t0

Fig. 3. Dependence of the nondimensional accumulative energy dissipated E,/E, on
the nondimensional time ¢ = ¢, in the uniform load sharing (mean field, p = 0) limit
with =2, 6, and 10. The transition from the nucleation phase to the rupture phase
occurs when dE;/dt — o with E,=FE, and ¢ =t. The vertical lines represent the
rupture phase, the dashed lines are solutions of Eq. (17) and (31) but are not physical.
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The dependence of the cumulative energy dissipated E/E, on /¢y is given
in Fig. 3 for =2, 6, and 10. The nucleation and rupture phases are clearly
illustrated. The energy dissipated during the nucleation phase £, is associated
with precursory fiber failures or foreshocks. The energy dissipated during
the rupture phase E, is associated with the propagating rupture or main
shock. For f=2 we have E/E;=0.097 and E/E,=0.893 so that
E./E.=0.109, about 10% of the energy is dissipated in the nucleation phase.
For f=6 the values are E,/E,=0.064, E/E,=0.830, and E/E,=0.072.
For f=10 we have E,/E, =0.049, E/E,=0.870, and E,/E,= 0.056.

4. SIMULATIONS

In order to understand the behavior of our model we have carried out a
sequence of numerical simulations. All simulations are carried out on a square
array of width 150 so that the original number of fibers is no= 150> =
22500. Our simulations will also be restricted to the range of interaction
r=1. Results will be given for power-law exponents =2, 6, and 10 and
a range of values of the redistribution parameter p. Varying the range of in-
teraction r gives results similar to those obtained by varying the redistribu-
tion parameter p.

In Figure 4 nucleation and propagation of the rupture are illustrated for
several typical examples. The distributions of failed fibers (dark areas) are
given for increasing values of the damage variable. The lowest value of the
damage variable, o = 0.07 in Fig. 4a, is during the nucleation phase. The se-
cond value of the damage variable, a. = 0.145 in Fig. 4a, is at the critical
transition from nucleation to rupture. The largest value of the damage varia-
ble, @ =0.3 in Fig. 4a, is during the propagation phase. Note that periodic
boundary conditions are assumed so that when the propagating fracture
reaches the top boundary of the array its extension appears at the lower
boundary. The amount of damage during the nucleation phase decreases with
increasing value of p and .

It is also of interest to study the distribution of cluster areas at the critical
transition from nucleation to propagation. In Figure 5 we give the cumula-
tive number of clusters N, with areas greater than A, for the four examples
given in Fig. 4. The cluster area 4. is taken to be the number of adjacent
fibers that have failed. We compare our data in Fig. 5 with the power-law
scaling relation

N, = CA""? . (34)

We find quite good scaling taking the fractal dimension D =4. Hemmer
and Hansen (1992) found a similar dependence for their fiber bundle studies
taking D = 3.
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@=0.07 t/t:=0. 250 a.=0.145 t/to=0. 333
(@ B=2  p=1

- R . i v

a=0.09 t/t=0.604 a=0.18 t/to=0.604
® B=6 p=05

a=0.042 t/t0=0.569

a=0.014 t/to=0.641 a.=0.0266 t/ti=0.678 a=0.05 t/to=0.678
(¢) B=10 p=05

.

a=0.04 t/to=0.580 ac=0.0079 t/to=0.612 a=0.015 t/to=0.612
@  p=10 p=1

Fig. 4. Four examples of rupture nucleation and propagation are illustrated. The dark
regions are failed fibers. On the left are examples during nucleation, on the center
critical (a = a.) nucleation is illustrated and on the right are examples during rup-
ture. In all cases ny=22500 and r=1. Results are given for: (a) =2, p =1,
b)p=6,p=05,(c)p=10,p =0.5,and (d) f=10,p = 1.
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Fig. 5. Frequency-area statistics for failed clusters at the critical transition from nu-
cleation to propagation. The cumulative numbers of clusters N, are given as a func-
tion of cluster area 4. for the four examples in Fig. 4. The straight lines are the
correlation with the power-law scaling given in Eq. (32) taking D = 4. Colour ver-
sion of this figure is available in electronic edition only.

In Figure 6 we give the dependence of the damage variable a on the
nondimensional time #/¢. Typical simulations are shown. There is some vari-
ability among simulations, but this is generally small, a few percent. The nu-
cleation phase is delayed significantly as f is increased. This is expected
since as ff — oo there will be no nucleation phase and the rupture will prop-
agate at #/to = 1. The nucleation phase has only a weak dependence on p.
However, as p is increased the critical values of the damage variable a,. de-
crease.

In Figure 7a we give the dependence of the critical nondimensional fail-
ure time . /ty on the load sharing parameter p and in Fig. 7b we give the de-
pendence of the corresponding critical damage parameter value a. on p. In
each case, we give results for f=2, 6, and 10. We see that both 7./, and «,
decrease with increasing values of p.

We next determine the cumulative energy dissipated during fiber fail-
ures. During simulation, the nondimensional energy dissipated in a fiber
failure E;/E is given by Eq. (28). These values are added to give the cumu-
lative nondimensional energy dissipated E/E,. These values are given as a
function of nondimensional time #/¢, in Fig. 8 for (a) p =0, (b) p=0.5, and
(c) p = 1.0. In each case, results are given for f=2, 6, and 10.

In Figure 9 we give the dependence of the ratio of energy generated in
the nucleation phase E, to the energy generated in the rupture phase £, on the
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Fig. 6. Dependence of the damage variable a on the nondimensional time #/¢. Re-
sults are given for: (a) p =0, (b) p = 0.5, and (c) p = 1.0. In each case results are giv-
en for: f=2, f=6, and f = 10. The simulations given in (a) are basically identical
to the analytical results given in Fig. 2.
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Fig. 9. Dependence of the ratio of energy generated in the nucleation phase E,, to the
energy generated in the rupture phase £, on the load sharing parameter p with =2,
6, and 10. We associate E, with a main shock with magnitude m,,, and E, with a sin-
gle foreshock of magnitude my. The energy ratios associated with m,,,—m; =1 and
2 are all given.

load sharing parameter p with =2, 6, and 10. We associate the propagation
phase with a main shock of magnitude m,,, and we associate the nucleation
phase with a single precursor earthquake of magnitude my. Using the stan-
dard relation between earthquake energy and magnitude we write

E —1.5(m,,,—mg)
o~ 10 ms s 33
~ (33)

r

We also give in Fig. 9 energy ratios corresponding to m,,; —ms =1 and 2.

A major focus of this paper is to study the role of precursory damage
prior to a propagating rupture. The objective is to provide an explanation for
the absence of small earthquakes as a precursor to the 2004 Parkfield earth-
quake as well as other earthquakes. Figure 9 illustrates the conditions under
which precursory damage is reduced. For p =0 (the uniform load sharing,
mean-field limit) the energy in the precursory events is about 10% of the en-
ergy generated by the propagating rupture. There is only a weak dependence
on the Weibull exponent 5. The stress from a failed asperity is transferred to
all other asperities. This transfer enhances precursory failures and a strong
nucleation phase. We associate their behavior with the laboratory experi-
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ments discussed above. The rigid granite blocks transfer the stress from a
failed asperity across the entire saw cut (model fault).

For the p=1 (local load sharing) limit the energy in the precursory
damage is reduced considerably. There is also a strong dependence on the
Weibull exponent . With =10 and p=1 the energy in the precursory
events is only 0.02% of the energy in the propagating rupture. In order to re-
late our results to the problem of precursory seismic activity we have also
included in Fig. 9 the magnitude of a single precursory earthquake that
would give the fraction of precursory energy release during the nucleation
phase. For p near unity and large S, the precursory single earthquake would
have a magnitude two units less than the main shock associated with the
propagation phase. For the 2004 Parkfield magnitude 6.0 earthquake this
would be the energy associated with a single magnitude 4 earthquake.

With p=1 the force from a failed asperity is transferred to adjacent
asperities. This local transfer of stress accelerates fracture nucleation reduc-
ing precursory failures. We associate this behavior with faults. The matrix
around a fault is heavily damaged and this damage inhibits the transfer of
stress from a failed asperity over large distances.

5. DISCUSSION

A major problem in understanding earthquake physics is the absence of
a precursory build up of seismicity associated with the rupture of a major
earthquake. There was no evidence for precursory seismic activity prior to
the 2004 Parkfield M,, =6 earthquake. A very sensitive seismic array was
located adjacent to the rupture and no systematic build up of activity was ob-
served.

In order to study this problem, we have utilized a fiber-bundle model.
Breaking fibers are hypothesized to be analogous to breaking asperities on
a fault zone. The behavior of the fiber-bundle model is controlled by several
parameters and assumptions. First we assume a “static” model in which fail-
ure forces on each fiber are specified. We believe that this is the appropriate
approach for a model of a main shock since the build up of the tectonic stress
is so slow. It is also necessary to specify the statistical distribution of failure
stresses. We choose the Weibull distribution given in Eq. (3) because it is the
accepted distribution for the failure of fiber bundle (Phoenix and Newman
2009). It is also necessary to specify the power-law exponent f of the distri-
bution and we consider several values.

There are alternative ways in which the force on a failed fiber is redis-
tributed. We introduce a redistribution parameter p which is the fraction of
the force that is redistributed to neighboring fibers (local load sharing). The
remainder of the force 1 —p is redistributed to all surviving fibers (uniform
load sharing). It is also necessary to specify the range of local load sharing.
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We assume that the fraction of the load p is redistributed to all surviving
fibers in a square region with 27+ 1 fibers on a side as defined in Eq. (7).
When 2r+ 1 is equal to the size of the square grid of fibers local load shar-
ing p=1 isequivalent to equal load sharing and p = 0.

In our simulations we consider only local load sharing with »=1. Our
focus is on the role of parameters p and f on precursory failures. Our results
are clearly illustrated in Fig. 9. Precursory failures are suppressed as p — 1
for relatively large S. Local load sharing leads to a weak nucleation phase
and a strong rupture phase. This result is clearly illustrated in Fig. 4. Precur-
sory activity is very low for p=1 and g =10.

In the Appendix we have related the fiber-bundle model to the slider-
block model. A slider-block model without healing is similar to the fiber-
bundle model. When a block slips, it does not stick. The primary parameter
in the slider-block model is the ratio of spring constants defined in Eq. (1).
As shown in Eq. (A21), with very weak springs, y — 0, we have uniform
load sharing corresponding to p =0 in the fiber bundle model and with very
strong connector springs, y — oo, we have local load sharing corresponding
to p=1 in the fiber-bundle model. The redistribution parameter p plays the
same role in the fiber-bundle model as the spring constant ratio y in the
slider-block model.

As discussed in the Introduction, the laboratory experiments on granite
blocks carried out by Weeks ef al. (1978) also exhibited systematic precurso-
ry acoustic emissions. Again it appears to be appropriate to associate these
experiments with the uniform load sharing limit. The granite blocks behaved
as loader plates in a slider-block model. When an asperity failed the rigid
granite block transferred the force on that asperity to all surviving asperities.

We attribute the lack of precursory seismicity prior to earthquakes to
local load sharing from failed asperities. The Earth’s crust in seismogenic
regions is populated by faults on all scales. This complexity allows the force
on a failed asperity to be transferred only to neighboring asperities, i.e., local
load sharing. Thus, the behavior of a fault is better approximated by the lack
of precursory damage as illustrated in Fig. 4d.

APPENDIX

Slider-block model

There are strong similarities between the fiber-bundle model and the slider-
block model. We will use these similarities to relate the load-sharing
parameter p in our fiber-bundle model to the slider-block model. We consider
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a slider-block model consisting of a two-dimensional square array of 7 slider
blocks pulled over a surface by a driver plate (Turcotte 1997). A constant
pulling force F is applied to the driver plate. Each block is connected to the
driver plate with a driver spring with spring constant K;. Each block is con-
nected to n,. adjacent blocks with connector springs with spring constants X..
We assume that the blocks have a statistical distribution of static frictional
failure strengths in analogy to the failure strengths of our fibers. The force ¥
on the driver plate is increased from zero until the weakest block slips with
a force F/ny on it. The extension of the connector springs x is given by
F

= , Al
e (AT)

In order to relate the slider-block model to the fiber-bundle model we as-
sume that the frictional force on the failed block is zero after slip.

To illustrate the behavior of this slider-block model we first consider two
limiting cases: (1) no connector springs (K. =0) and (2) very strong con-
nector springs (K. » K;). When a block fails with K, = 0, there is no force on
the block and the original force on the block xK; is transferred equally to the
n—1 remaining blocks. This results in an increase in the extension of the
loader springs from x to x + dx. The resulting force balance is

xK, = (n-1)K,o6x , (A2)
or
v X
I
With K.=0 and no frictional force on the failed block, the forces on the
connector springs are zero so that the displacement of the failed block x;, is
given by

ox

(A3)

nx

X, = x+0x =

b

1 (A4)

This is the uniform-load sharing (mean field) limit. This corresponds to the
p = 0 (uniform load sharing) limit for the fiber-bundle model.

When a block fails with K.» K}, the displacement of failed block is very
small so that the force transmitted to this block through its loader spring
remains unchanged. All loader springs transmit the same force so that there
is no displacement of the driver plate and

Sx=0. (A5)

The load on the failed block is distributed uniformly to the n. blocks to
which it is connected by connector springs, this is local load sharing. The re-
sulting force balance on the failed block requires

xK, = nx,K, = nx K, . (A6)
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The extension of the connector springs x, is given by

xK,

L A
S (A7)

In the limit K./K; — o we have x;,=x.— 0. The load is redistributed
locally and the driver plate does not move. This corresponds to the p=1
(local load sharing) limit for the fiber-bundle model.

We now give the general result for arbitrary values of K. and K;. The
force balance on the failed block before and after failure (slip) requires that

xK, = m-1)K,6x + n K x, . (A8)
This reduces to Eqgs. (A2) and (A6) in the appropriate limits. In addition, the

static force balance between the force exerted by the driver spring and the
force exerted by the n. connector springs requires

(x+0x—x,)K = nKyx, . (A9)

Equations (A8) and (A9) can now be solved for the displacement of the
loader plate Jx and the displacement of the failed block x;,.
The displacement of the loader plate is given by

K, x
nKn+K,(n-1)"

ox = (A10)

This reduces to Eq. (A3) when K.=0 and to Eq. (AS) when K.»K;. The
displacement of the failed block is given by

nk,x
nKn+K,(n-1)"

(Al1)

xbz

This reduces to Eq. (A4) when K.=0 and to Eq. (A7) when K. »K;. We
finally consider the partition of the load from a failed site to the surviving
sites.

When a site fails the load f; that is redistributed to other sites is given by

Jr=Kx=f,+ us (A12)

where f,, is the fraction of the load redistributed uniformly (mean field) and
fiLs is the fraction of the load redistributed locally. The equal load sharing
(mean field) component is redistributed to all surviving blocks due to the
displacement Jx of the drive plate. This component f,, is given by
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S = (n=DK,6x, (A13)

and using Eq. (A10) we obtain

(n-1)K,’x

Tr = 0 Kn v K= "

(Al4)

There is also a local load-sharing component that is redistributed to the
n. local blocks connected to the failed block by connector springs. This
component f;;s is given by

fLLS =nxK, , (A15)
and using Eq. (A11) we obtain

n K nK,x
nKn+K (n-1)"

Jis = (Al6)

Adding Eqgs. (A14) and (A16) gives (A12), as required.
We introduced the redistribution fraction in Eq. (7). Noting that

Jis = maA Sy (A17)
and
f_/‘ = ffmin 5 (A18)
we find
Sus
= . A19
P=y (A19)

Introducing the ratio of spring constants defined in Eq. (1), substitution
of Egs. (A12) and (A16) in Eq. (A19) gives

nyn
= —< A20
p nyn + (n-1) ( )
For n»1 we have
n.y
= —< A21
ny+1 ( )

This demonstrates that the local load sharing limit (p = 1) in the fiber bundle
model corresponds to the y — oo (K.»K;) limit in the slider-block model
and that the uniform (mean field) limit (p = 0) in the fiber-bundle model cor-
responds to the y =0 (K. = 0) limit in the slider-block model.
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